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Str aightedge and Compass 
basic operat ions

Given tw o points P 1 and P2, we can draw the 
line P1P2.

Given a point P an d a l ine segment of l ength  
r, we can draw a cir cle centered at P w ith 
radius r.

We can locate int ersect ion points, if the y 
exist, between l ines and cir cles.



What a re the Ba sic 
Operat ions of Or igami?



What a re the Ba sic 
Operat ions of Or igami?

Given tw o points P 1 and P2, we can f old the 
crease line P1P2.

Given tw o points P 1 and P2, we can make a 
crease that pu ts P 1 ont o P2.

Given tw o lines L1 and L2, we can make a 
crease that pu ts L 1 ont o L2.

and so on.



The craziest B OO

L1 L2

P1 P2

The most imp ortant mo ve 
in or igami (probably)



Origami angle tr isect ion
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Origami angle tr isect ion
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Proof:

credit: Hisa shi Abe, 1980



Origami angle tr isect ion
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The deal is :  th is or igami move is actua lly
solving a cubi c equat ion.



Origami angle tr isect ion

L1 L2

P1 P2

The deal is :  th is or igami move is actua lly
solving a cubi c equat ion.

(Finding a simultaneous t angent
t o tw o parabolas.)



Origami can solve any cubic equat ion

It alian mathemat ician Margher ita Beloch proved 
th is in the 19 30s.  HereÕs her p roof:

Consider the f ollowing
constr uct ion problem:
Let A and B be tw o points
and r an d s tw o lines.
We want t o constr uct a
square tha t ha s A and B on
opposit e sides (or e xt ensions)
and has tw o adjacent 
ver t ices lying on the l ines r an d s.
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Origami can solve any cubic equat ion
We can make th is square constr uct ion with 
or igami.  
Let d 1 be a l ine parallel
t o r, where
dist( A, r ) = dist( r, d1).
Let d 2 be a l ine parallel
t o s, where
dist(B, s) = dist( s, d2).

Then f old A -> d1 and
B -> d2 simultaneously. 
The cr ease gives the
t op of the squa re (XY).

A

B

d1

d2

r

s
X

Y

A!

B!



Origami can solve any cubic equat ion
We can make th is square constr uct ion with 
or igami.  
Let d 1 be a l ine parallel
t o r, where
dist( A, r ) = dist( r, d1).
Let d 2 be a l ine parallel
t o s, where
dist(B, s) = dist( s, d2).
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The cr ease gives the
t op of the squa re (XY).

A

B

d1

d2

r

s
X

Y

A!

B!



Origami can solve any cubic equat ion

Why is th is l ike solving a cubi c equat ion?  
Beloch r ealized tha t th is is ju st an a pplicat ion 
of Lil lÕs metho d f or Þn ding r eal r oots of a
polynomial!
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LillÕs geometr ic metho d f or 
Þnding r eal r oots of an y 
polynomial:
anxn+an-1xn-1+...+a2x2+a1x+a0=0

Star t a t O , go an, tu rn 90¡,
go an-1, tu rn 90¡, e t c, ending 
at T.

(Lill, 1867)

Then shoot fr om O with an an gle θ, bouncing of f  
the wa lls at r ight an gles, t o hit T.
Then x = -t an θ  is a r oot.

Origami can solve any cubic equat ion



Why does Lil lÕs metho d work? 
PnQn-1 / an = t an θ = -x
So PnQn-1 = -a nx

(Lill, 1867)

Origami can solve any cubic equat ion
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Why does Lil lÕs metho d work? 
PnQn-1 / an = t an θ = -x
So PnQn-1 = -a nx

Pn-1Qn-2 /( an-1-PnQn-1) = -x
So Pn-1Qn-2 = -x( an-1 + a nx)

(Lill, 1867)

Origami can solve any cubic equat ion
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Why does Lil lÕs metho d work? 
PnQn-1 / an = t an θ = -x
So PnQn-1 = -a nx

Pn-1Qn-2 /( an-1-PnQn-1) = -x
So Pn-1Qn-2 = -x( an-1 + a nx)
Similar ly,
Pn-2Qn-3 = -x( an-2+x(an-1+anx))
Cont inuing...

a0 = P1T = - a1x - a 2x2 - . .. - a n-1xn-1 - a nxn 
or,  a nxn + an-1xn-1 + ... + a 2x2 + a1x + a 0 = 0.

(Lill, 1867)

Origami can solve any cubic equat ion
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Origami can solve any cubic equat ion

Why is th is l ike solving a cubi c equat ion?  

Finding our Òconstr uct ion squareÓ is the sam e as 
Òshoot ing the tu r tl eÓ in
the n=3 c ase!
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Origami can solve any cubic equat ion

LetÕs Þnd the r oots of the cubi c z 3 - 7z - 6.   



Origami can solve any cubic equat ion

LetÕs Þnd the r oots of the cubi c z 3 - 7z - 6.   
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Origami can solve any cubic equat ion

LetÕs Þnd the r oots of the cubi c z 3 - 7z - 6.   
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The Algebraic Perspect ive
The set of c onstr uct ible numbers under SE&C is the sma llest 
subÞeld of     (complex #s ) tha t is c losed under square r oots.
orÉ
                 is SE&C constr uct ible if an d only i f
f or some         .   In o the r w ords,     is a lgebraic over     an d 
the deg ree if i ts m inimal p olynomial o ver     is a p ower of   .
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The Algebraic Perspect ive
The set of c onstr uct ible numbers under SE&C is the sma llest 
subÞeld of     (complex #s ) tha t is c losed under square r oots.
orÉ
                 is SE&C constr uct ible if an d only i f
f or some         .   In o the r w ords,     is a lgebraic over     an d 
the deg ree if i ts m inimal p olynomial o ver     is a p ower of   .

Origami version:

Let          be a lgebraic over    , and let           be the 

split t ing Þeld of the m inimal p olynomial of    o ver    .  Then         
is or igami constr uct ible fr om our l ist of B OOs if an d only i f 
                     f or some integers            .
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Oh, but i tÕs worse than tha t...

Robert L angÕs angle quint isect ion.

Angle
Quintisection
Designed by Robert J. Lang
Copyright ©2004.
All Rights Reserved.

1. Start with a long strip 1 unit high and 5Ð6 units long. Angle EAB
is the angle to be quintisected. Make a vertical crease about 1/3 unit
from the right side.

2. Fold line FG down to lie along edge AB.

3. Fold point F over to point A.

4. Fold and unfold. 5. Squash-fold on
the existing
creases.

5. Make a horizontal fold aligned with point C. 6. Fold point C to point A and unfold, making
a second longer horizontal crease.

7. Mountain-fold corner D behind.
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7. HereÕs where it all happens. Fold edge AE down along
crease AJ. At the same time, fold the left flap up so that
point F touches crease HI at the same point that edge AE
does and point C touches crease AJ. You will  have to adjust
both folds to make all the alignments happen at once.
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8. HereÕs what it looks like folded. Yours may
not look exactly like this, depending on the angle
you used and the length of your strip. Unfold to
step 7.
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9. Bisect angle EAJ.
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10. Fold crease AK down to
AM and unfold.
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11. Bisect angle LAM.
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12. Angle EAM is now divided into fifths.
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Angle quintisection is division of
an arbitrary angle into fifths. This
requires solution of an irreducible
quintic equation and thus is not
possible with the 7 Huzita-Hatori
axioms, each of which defines a
single fold by simultaneous
alignment of points and lines. By
permitting the simultaneous creation
of two or more folds that satisfy
various combinations of point/line
alignments, it is possible to solve
higher-order equations, as this
example illustrates.
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from the right side.

2. Fold line FG down to lie along edge AB.

3. Fold point F over to point A.
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an arbitrary angle into fifths. This
requires solution of an irreducible
quintic equation and thus is not
possible with the 7 Huzita-Hatori
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single fold by simultaneous
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various combinations of point/line
alignments, it is possible to solve
higher-order equations, as this
example illustrates.


