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Straightedge and Compass
basic operat ions

@ Given tw o points Pjand P2, we can draw the
line P1Ps.

@ Given a point P and a |l ine segment of | ength
r, we can draw a cir cle centered at P w ith
radius r.

@ We can locate intersection points, if the y
exist, between | ines and cir cles.
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What are the Ba sic
Operat ions of Or igami?

@ Given tw o points Piand P2, we can fold the
crease line P1P».

@ Given tw o points P1and P2, we can make a
crease that puts Pionto Ps.

@ Giventwo lines L1and Lo, we can make a
crease that puts Lionto Lo.

® and so on.




The craziest B OO

The most imp ortant mo ve
In origami (probably)




Origami angle tr isect ion




Origami angle tr isect ion

credit: Hisashi Abe, 1980
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The deal is: th Is origami move Is actually
solving a cubic equat ion.




Origami angle tr isect ion

The deal is: th Is origami move is actually
solving a cubic equat ion.
(Finding a simultaneous tangent
to tw o parabolas.)




Origami can solve any cubic equat ion

It allan mathemat ician Margherita Beloch proved
this in the 19 30s. Here®her p roof:

Casider the f ollowing

condr uction problem:

Let A and B be tw o points
andrand s tw o lines.

We want t o condr uct a

square that has A and B on
oppostte sides (or e xt ensions)

and has tw o adjacent

vertices lyingonthel inesrand s.




Origami can solve any cubic equat ion

We can make th is square condgr uct ion with
or igam.

Let d 1 be al ine parallel
tor, where

dist( A, r) = dist(r, dj).
Let d > be al ine parallel

tos, where
dist(B, s) = dist(s, db).

Then fold A -> d; and
B -> d simultaneously.
The crease gives the
top of the squa re (XY).
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We can make th is square condgr uct ion with
or igam.

Let d 1 be al ine parallel
tor, where

dist( A, r) = dist(r, dj).
Let d > be al ine parallel

tos, where
dist(B, s) = dist(s, db).

Then fold A -> d; and
B -> d simultaneously.
The crease gives the
top of the squa re (XY).




Origami can solve any cubic equat ion

Why is th is like solving a cubic equat ion?
Beloch realized that th is is ju st an a pplicat ion

of Lil I®method for bnding real r oots of a
polynomial!




Origami can solve any cubic equat ion

_ill®geometr ic method for
bnding real r oots of an y

polynomial: i
anX™+an X"+ +apx2+ax+ap=0 |

Startat O, go an, tu rn 90;j,
go an-1, turn 90j, etc, ending
at T. S—

"hen shoot fr om O with an an gle 0, bouncing of f
ne walls atr ight angles, to hit T.
'hen x=-t an 0 is ar oot. (Lill, 1867)




Origami can solve any cubic equat ion
Why does Lill® method work?
PnQn-]_/an — tan 6 = -X
SO PnQn-]_ = -a nX

(Lill, 1867)
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Origami can solve any cubic equat ion
Why does Lill® method work?
PnQn-]_/an — tan 6 = -X
SO PnQn-]_ = -a nX

Pn-1Qn-2 /( @n-1-PnQn-1) = -X

S0 Pn1Qn-2 = -X(a@n-1 + anX)
Similarly,

Pn-2Qn-3 = -X( @n-2+X(@n-1+anX))
Cat inuing...

ao=PT=- ax-axx?-.. -an,x"1-ax"
or, anX"+an X"+ .. +ax?+ax+ag=0

~ (Lill, 1867)




Origami can solve any cubic equat ion

Why is th is like solving a cubic equation?

Finding our Oondr uction squareOis the sam e as
Ghooting the tu rtl eOin
the n=3 c ase!




Origami can solve any cubic equat ion

Let@ bnd the r oots of the cubi ¢ z3-7z - 6.
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Origami can solve any cubic equat ion

Let@ bnd the r oots of the cubi ¢ z3-7z - 6.

D,




The Algebraic Perspective

The set of ¢ ongr uctible numbers under SE&C Is the smallest

subbeld of C (complex #s ) that is ¢ losed under square roats.
orE

| 1 Cis SE&C oongr uctibleifandonly if [Q(! ) : Q] = 2"
forsome N! O Inotherwords ! isa lgebraic over Qan d
the degree if i ts minimal p olynomial over Qis a p ower of 2




The Algebraic Perspective

The set of ¢ ongr uctible numbers under SE&C Is the smallest

subbeld of C (complex #s ) that is ¢ losed under square roats.
orE

| 1 Cis SE&C oongr uctibleifandonly if [Q(! ) : Q] = 2"
forsome N! O Inotherwords ! isa lgebraic over Qan d
the degree if i ts minimal p olynomial over Qis a p ower of 2

Origami version:
Let | | @ea Igebraicover Q,andlet L ! @e the

splitting Peld of the m inimal p olynomial of 10 ver Q . Then

IS origami condr uctible fr om our |l ist of B OOs if an d only if
[L: Q] = 223° orsomeintegers a,b! .C




Oh, but i t@ worse than tha t...

Robert L ang®angle quintisection.




